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Vertical equilibrium of the beam:

Ry+Rc=F (1)
[2 marks]
Taking moments about position C:
Po,X1=Ry X2+ M,
[2 marks]
Substituting values of P, and M, gives:
R, =1500N
[1 mark]
Rearranging (1) for R and substituting values for R4 and P, gives:
R; =3,500N
[1 mark]

Taking the origin at the left-hand end of the beam, sectioning after the last discontinuity and drawing a free body
diagram of the left-hand side of the section:

—_
3
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Taking moments about the section position:
Ra{x — 1)+ My(x —2)° = M + P,(x — 2)

“ M = Ry{x — 1) + My{x — 2)° — P,(x — 2)

2
Substituting this into the main deflections of beams equation (EI 3732/ = M):

2

dy 0
EIW=RA(x—1)+MO(x—2) — Py(x — 2)

Integrating with respect to x:

dy _ Ralx —1)? Pyfx — 2)?

El

Integrating with respect to x again:

_ Rylx—1)° N M, (x — 2)? _ P(x - 2)3

El A B
y 7 > 3 + Ax +
Boundary conditions:
(BC1) Atx =1,y =0, therefore from (3):
A+B=0
(BC2) Atx = 3,y =0, therefore from (3):
0_RAx23+MO><12 POX13+3A+B
6 2 6
_ P, —3M, -8R,
B 12

Substituting values of P,, R4 and M, into this gives:

A =-1,083.33

2017-2018 MM2MS3 Exam Solutions

(2)

(3)

(4)

University of

Nottingham

UK | CHINA | MALAYSIA

[3 marks]

[2 marks]

[2 marks]

[2 marks]

[2 marks]

[2 marks]



Department of Mechanical, Materials & Manufacturing Engineering r University of
MMME2053 — Mechanics of Solids f_ S Nottingham

UK | CHINA | MALAYSIA

Therefore, from (4):

B =1,083.33
[2 marks]
From (2), at x = 2 (point B):
dy 1 [(Ry{x—1)? P{x — 2)?
—=—\—+M,(x—-2)————+ A
dx E1< 7 T Meb=2) 2 T
Substituting values of E, I, R4, M,,, P, and A into this gives:
dy
— =-0.000833 rads
dx
[2 marks]
From (3), at x = 2 (point B):
1 [Ry{x—1)> M (x—2)2 P, (x—2)3
=— — A B
Y EI< 6 ' 2 6 AT
Substituting values of E, I, R4, M,,, P,, A and B into this gives:
y=0.001042 m = 1.042 mm
(i.e. upward deflection)
[2 marks]
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2.

(a)

Position of Centroid, C

B
— 50—
e T B mem e A
15 | @
o
. y
! y 15
s 1
| C x
| X :
i b
A By
! 15
I el ¢ B
i 50 i
B

Total area,

A= (50 x 15), + (15 X 45), + (50 X 15), = 2,175 mm?

Taking moments about AA:

(50 x 15 x 7.5), + (15 x 45 x 37.5);, + (50 x 15 X 67.5),.

)_/:

2,175
~y=37.5mm
[3 marks]
Similarly, taking moments about BB:
s (15 x 50 x 25), + (45 x 15 x 42.5), + (15 x 50 X 60).
2,175
~X=42.5mm
[3 marks]
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Principal 2" Moments of Area
Using the Parallel Axis Theorem,
Ly = (Iy + Ab%) g + (I, + Ab®), + (I, + Ab?),

15 X 453

_ (50 x 153
N 12

50 X 15 x 307
s )+

50 x 153
+15x45x02>+<T+50x15><—302>

= 1,492,031.25 mm*

[2 marks]
and,
Iy, = (I, + Aa®)_+ (I, + Aa®), + (I, + Ad®)_
15 x 503 45 x 153 15 x 503
= <T+ 15 x 50 X —17.52>+ <T+4S X 15 x 02>+ <T+ 15 x 50 x 17.52>
= 784,531.25 mm*
[2 marks]
Also,
Ly = (Iuy + Aab)_+ (Ipy + Aab), + (I + Aab)_
=(0+50x15%x—-17.5%x30)+ (0+15%x45x0x0)+(0+50x 15 % 17.5 x —30)
= —787,500 mm*
[2 marks]
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Mohr’s Circle:

Product Moment
(mm?)

I C Ip

>
14

20 2"d Moment
R (mm?)

A (Ixr Ixy)

L, + 1, 1,492,031.25 + 784,531.25
2 2

_ L — L2 ,  |71,492,031.25 — 784,531.25\? ,
Radius,R = (T) + Iy ™ = ( 3 ) + (—787,500)

= 1,138,281.25 mm*

Centre,C =

= 863,304.88 mm*

[3 marks]
Therefore, the Principal 2" Moments of Area are:
Ip =C+ R =1,138,281.25 + 863,304.88
~Ip =2,001,586.13 mm*
[2 marks]
and,
lp =C— R =1,138,281.25 — 863,304.88
~Ig =274,976.37 mm*
[2 marks]
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(c)
Orientation of the Principal Axes with respect to the x-y co-ordinate system

From the Mohr’s circle above:

o _ by _ —787500
SeY = h = 863.304.88

~ 0 =-3291°

[3 marks]

Therefore, the Principal Axes are at -32.91° (anti-clockwise) from the x-y axes, as shown on the diagram below.

S

__-3291°

[3 marks]
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atr = 0.05(ID), g, = 0 therefore:

0=A-

~0=A-400B —223.4 x 10*

or,

atr = 0.5(0D), g, = 0 therefore:

0=4

or,

substituting (2) from (1):

therefore:

and from (1),
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052 8

B 3+4+v )

oy — 33 pW T

A+B 1+ 3v )

Og = 5 3 pWT
B 3+4+0.3
0.052 8

A—400B — 8.15w?

B 3+0.3

~0=A—4B —223.4x10°

A—4B — 814.6w?

0 = —396B + 221.16 x 10°

B = 558500 (or 2.04w?)

A =225.6 x 10° (or 822.7w?)

7900 X 523.6% X 0.052

7900 X 523.62 X 0.52

r Unive[sitg of
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(1)

[3 marks]

(2)
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r sigma_r (MPa) sigma_theta (MPa)
5.00E-02 0.00E+00 4.48E+02
0.15 1.81E+02 2.39E+02
0.3 1.39E+02 1.85E+02
0.5 0.00E+00 9.92E+01
5.00E+02
4.50E+02 sigma_r (MPa)
4.00E+02 \ sigma_theta (MPa)

3.50E+02 \\
T 3.00E+02
H A\
: 2.50E+02 \
£ 2.00E+02
1.50E+02 /
1.00E+02 I \
5.00E+01

0.00E+00 T T T T '
0 0.1 0.2 0.3 0.4 0.5 0.6

Radial Position [m]

(b)
Max sigma theta is at bore (r = 0.05), therefore:

) 2.04w? 1+3x03
Og = 822.7w* + —

max TZ

7900w?0.052

0.052

Otar = @ (8227 + S5 — 1185 X 0,05 ) = 163577

Hoop stress is limited to 240 MPa, therefore at the ID,
240 X 10 = 1635.7w?
w? = 146723

w = 383 rad/s
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w
383 rad/s = Py X 60 = 3657 rpm
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4,
(a)
The shear stress distribution in the web is given by:

_SAy S(at)d _ Sda
flange = 7 " = "o T )

where,
- bd® — (d —2t)3(b—t)
- 12
therefore,
6Sda

tfiange = 405 (d — 20)3(b — t)

[4 marks]
at free surface,
Tflanged = 0
[2 marks]
_ _ 6 X 5000 X 40 x 28 a8 MP
" Tftange2s = 307403 — (40 —2x2)3(30 —2) oA
[2 marks]
(b)
_SAy_Sbd d N qd 1]_5 bd+d2 )
tweb =7 =122 (2 y) (2 y)z =2 (2) y
- = o b + (2 Ly
" Tweb T a3 (d = 26)3(b —¢) (2) Y
[4 marks]
= 6 > 5000 x| (30 x 40) + 40y° 0% | = 78.2 MP
fweb0 = 3075403 — (40 — 2 x 2)3(30 — 2) (2) - et
[2 marks]
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6 X 5000 (30 x 40) + (40)2 192 | = 62.4 MP
= x X 2 - - .
Tweb18 30 X 403 — (40 — 2 x 2)3(30 — 2) 2 )

[2 marks]
()
The force given by the shear stress in the flange (S;) is;
S = Jbrtda = JbSda tda = Sdtb®
0 o 21 41
[3 marks]
If we take moments about O in the web (where e is the distance along the N.A. from O):
Se = 251g
2
[3 marks]
Therefore:
. S.d _ d?tb? _ 3 x (402 x 2 x 30%) 14 1mm
S 41 (30 x 403 — (40 — 2 x 2)3(30 — 2))
[3 marks]
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5.
(a)

Below is a diagrammatic representation of a pinned-pinned strut.

Sectioning this beam in order to determine the bending moment:

[1 mark]

Taking moments about the section position, X-X:

M = Py (1)

2" order differential equation for a beam under bending:

d?y
El— =M
dx?
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Substituting (1) into this:

d2

Yy
El—=P
dx? y
[1 mark]
Lety = Ape™:
~Ela?+P=0
and:
j— + P 1
a=+ EIL
[1 mark]
We get:
= Asi P +B P (2)
y = Asin EIx cos EIx
where Ay, A and B are constants.
Boundary conditions:
(BC1) Atx =0,y = 0, therefore from (2):
B=0
[1 mark]
(BC2) Atx =L,y =0, therefore from (2):
Asi P L]=0
sin I =
[1 mark]

Since A # 0 for non-trivial solution:
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n’m?El
- (3)
LZ
wheren=1,2, ...
[2 marks]
(b)
P
=_ 4
o= (4)
[2 marks]
Substituting the buckling load (from (3)) into equation (4):
3 n?n?El 3 n?n?EAk? 3 m?E
TTTA T 124 L
)
[2 marks]
Therefore, when o = gy,:
L m2E
k ay
[2 marks]

The following figure therefore displays the transition between yielding and buckling in terms of slenderness ratio.

r S

()

[4 marks]
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(c)

In the fixed-fixed case,

A?E]
P = Iz
Substituting this into equation (3):
_ Am2E]l B AT’ EAk? _ Am?E
TTTRa T 2A L2
®)

Therefore, when o = gy,:

L_ [ _ J200000 5
k= o, T 250 "

where k is calculated by:

= b;d:g = i = tzkz
12 12
where b =d = tand I = Ak? = bdk = t%k?.
~k=12.99 mm

Therefore from (5):

L=2,308.58mm = 2.309m
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6.

Second Moment of Area, I, calculation:

Beam cross-section

_mDt_mx40 o 6371 mm?
T 64 64 oxobe/imm

Adding dummy load, @, and labelling the structure:

<+«— U

e
o
L L .
B c ’;
| L |
Section AB (bending only)
Free Body Diagram:
— > Q "-T-“
¥ b
+. l
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Taking moments about X-X:
Myg = Pa + Qb = Pxcos6 + Qxsin6
[1 mark]

Substituting this into the equation for Strain Energy in a beam under bending gives,

L
3 JMBCZd _J(chosl9+stinH)2

a8 = | e T 2E1

0

L
1
dx = EJ(PZJCZCOSZH + Q%x%sin?0 + PQx?cosOsinf)dx
0

L

_ (P?cos?8 + Q%sin0 + PQcosesinB)J 2y = (P2c0s20 + Q%sin6 + PQcosBsind) [x3]"

- 2E1 rex 2E1 3],
0

L3
o Uyp = — (P?c0s?0 + Q?sin’@ + PQcosOsind)

6E1
[2 marks]
Section BC (bending only)
Free Body Diagram:
5
[2 marks]
Taking moments about Y-Y:
Mgc + Qd = Pc
& Mge = Pc — Qd = P(x — Lcosf) — QLsin6
[1 mark]
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Substituting this into the equation for Strain Energy in a beam under bending gives,

L

_ JMBCZ 4o - J(P(x—LcosQ)—QLsinG)zd

B¢~ | S 7 2E] x
0

1

L
= EJ(PZXZ — 2P?Lxcos + P%1%cos?0 — 2PQLxsinf + Q*L*sin?6 + 2PQL*cosfsinf)dx
0

L

1 P2yx3
~2EIl 3

— P?Lx%cos8 + P%21%xcos?6 — PQLx?sinf + Q%L%xsin?6 + ZPQLZxcosesinG]
0

L3 PZ
Uge = 2EI <? — P2cos8 + P2cos?6 — PQsin6 + Q?sin?6 + ZPQcosesin9>

[2 marks]
Total Strain Energy

U = UAB + UBC
L3
w U= @(PZCOSZG + Q2sin?6 + PQcosBfsind)
(1)

L3 (P2
+ SF <? — P%cos8 + P?cos?6 — PQsinf + Q%sin?0 + ZPQcosesint?)
[3 marks]

Vertical deflection at position A, u,,,

Differentiating (1) with respect to the applied load, P:

_w_v (2Pcos?0 + 9'49)+L3 2P 2Pcosf + 2Pcos?6 ing + 2 Osind
Uy, = 3P — GEI cos QcosOsin 2E1< 3 cos cos Qsin QcosOsin )
[2 marks]
Setting dummy load to zero,
PL3cos?8 PL3 /1 5
Uy, =T+E<§—0059 + cos 0)
_ PL3 /4 29 o+ 1
~El (3 cos v cos 3)
_ 16,000 x 7503 4 2(55) (55) + 1
~ 225,000 x 125,663.71 (3 cos €os 3)
“ Uy, =47.38 mm
[2 marks]
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Horizontal deflection at position A, uy, ,

Differentiating (1) with respect to the dummy load, Q:

ou L3 L3
Up, = 30 = ZH (2Qsin%6 + PcosBsinh) + m(—PsinG + 2Qsin?6 + 2PcosBfsind)
[2 marks]
Setting dummy load to zero,
L3 L3
Up, = el (PcosOsing) + SFl (2PcosOsinf — Psin®)
_ PL®(7cosfsind 1 0
~EI ( 6 2% )
16,000 x 7503 7cos(55)sin(55) 1
= — =sin(55)
225,000 x 125,663.71 6 2
s up, = 33.09 mm
[2 marks]
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